New condition is found for the set of points in the plane, for which the locus is a circle.
of the distances to the vertexes of fixed regular n-sided polygon is constant, is a circle if S (2m) n
> nr
2m , where m = 1, 2, . . . , n − 1 and r is the distance from the center of the regular polygon to the vertex.
The radius satisfies:
(r 2 + 2 ) m−2k (r )
Introduction
A locus of points is the set of points, and only those points, that satisfies given conditions. A circle is usually defined as the locus of points (in the plane) at a given distance from a given point. This is well-known definition of a circle, but not only. It is known definition of a circle by using two fixed points -the locus of points, such that the sum of the squares of the distances to two distinct fixed points is constant, is a circle.
More generally, for any collection of n number of points P i , constants λ i and S (2) n , distances d(X, P i ) -the locus of points X such that
n , is either Indeed, let (a i , b i ) be the coordinates of point P i and (x, y) the coordinates of point X. Then the equation satisfied by X takes the form
If the coefficient of x 2 +y 2 is nonzero, then this equation determines either a circle, a point or the empty set and if it is zero, then the equation determines either a line, a plane, or the empty set [1] .
In this article we consider under points P i -vertexes of a regular n-sided polygon P n and for coefficients λ i = 1, i = 1, 2, . . . , n.
We start m = 1, i.e. we have the constant sum of the second powers of distances from point X to the vertexes of regular n-sided polygon. In our notations -case S (2) n . The case of two points (n = 2) is well-known [2], thus we discuss n > 2.
2 Regular Polygon.
Constant Sum of 2nd Powers Theorem 2.1. The locus of points, such that the sum of the second powers S
n of the distances to the vertexes of fixed regular n-sided polygon is constant, is a circle if
where r is the distance from the center of the regular polygon to the vertex. The center of the circle is at the center of the regular polygon and the radius is
If S
(2) n = nr 2 the locus is a point -the center of polygon and if S (2) n < nr 2 it is the empty set.
Firstly discuss the regular polygon with even number of vertexes 2n. Numerate vertexes as shown in Figure 1 . Denote the distance from an arbitrary point M to the vertex i by x i , respectively, i = 1, . . . , 2n and OM = .
In even case vertexes 1 and 2n − 1 , . . . , k and 2n − k , . . . , n − 1 and n + 1 are symmetrical with respect to the line which passes through center 0 and vertex 2n, as shown in Figure 1 . To calculate angles, we use arrows directions ( Figure 1 ) clockwise for 1, . . . , n − 1 vertexes and counterclockwise for 2n − 1, . . . , n + 1 vertexes;
. . .
Summarize each pair:
There are n pairs, so total sum is
cos k 360
cos k 180
• n =
= cos 180
• n +cos 2 180
• n +· · ·+cos(n−2) 180
• n +cos(n−1) 180
• n .
After grouping . . .
2 cos α · cos k 360
Each addend of the sum n k=1 cos k 360
multiply by 2 sin 180
and then use trigonometric identity
we get 2 sin 180
and in odd case we obtain
Summarize even and odd cases. For an arbitrary number n, we have:
which finally proves the Theorem 2.1.
Regular Triangle. Constant Sum of 4th Powers
The sum of the fourth powers of the distances to the vertexes is:
Introduce new notations A = r 2 + 2 and B = 2r ;
cos α + cos(120
The sum S
3 does not contain α, i.e. this expression does not depend on direction OM and only depends on length -OM .
Since the triangle is fixed r is constant and this expression is increasing under ( > 0), so obtained relation is one to one:
We proved Theorem 3.1. The locus of points, such that the sum of the fourth powers S
3 of the distances to the vertexes of fixed regular triangle is constant, is a circle if
where r is the distance from the center of the regular triangle to the vertex. The center of the circle is at the center of the regular triangle and the radius satisfies the following condition:
If S 
3 < 3r 4 it is the empty set.
Note. The sum of the sixth powers -S
3 contains α, so in this case the locus is not a circle.
4 Square. Constant Sum of 4th and 6th Powers 
4 of the distances to the vertexes of fixed square is constant, is a circle if
where r is the distance from the center of the square to the vertex. The center of the circle is at the center of the square and the radius satisfying the following condition:
4 < 4r 4 it is the empty set.
The sum of sixth powers:
For fixed r, obtained expression is increasing under variable ( > 0), so it is one to one relation between the sum of the sixth powers S
4 and :
Theorem 4.2. The locus of points, such that the sum of the sixth powers S
If S (6) 4 = 4r 6 the locus is a point -the center of the square and if S
4 < 4r 6 it is the empty set.
Note. The sum of the eighth powers -S
4 contains α, so in this case the locus is not a circle. 
cos α + cos(72 Theorem 5.1. The locus of points, such that the sum of the fourth powers S
5 of the distances to the vertexes of fixed regular pentagon is constant, is a circle if
where r is the distance from the center of the regular pentagon to the vertex. The center of the circle is at the center of the regular pentagon and the radius satisfies the following condition:
5 < 5r 4 it is the empty set. 
Theorem 5.2. The locus of points, such that the sum of the sixth powers S
If S (6) 5 = 5r 6 the locus is a point -the center of the regular pentagon and if S
5 < 5r 6 it is the empty set. 
Theorem 5.3. The locus of points, such that the sum of the eighth powers S
5 < 5r 8 it is the empty set.
Note. The sum of the tenth powers contains α, so the locus is not a circle.
Circle as Locus of Constant Sum of Powers
Summarize obtained results. If d(X, P i ) is the distance from X to the vertex P i of the regular n-sided polygon and r is the distance from the center of the regular polygon to the vertex, we have: 
< nr
2m it is the empty set.
Thus, for each even (2m)-th power, so that m < n:
To prove the hypothesis, first of all two lemmas must be proved.
Cosine Multiple Arguments and Cosine Powers Sums
Lemma 7.1. For arbitrary positive integers m and n, so that m < n, the following condition
is satisfied, where α is an arbitrary angle.
Denote by
By using Euler's formula e iϕ = cos ϕ + i sin ϕ real part of P is:
The formula of the sum of geometric progression gives: Note. If m = n, the sum equals n cos(nα). The sum is not zero only in cases when m is multiple of n. If m = pn, the sum is n cos(pnα). 
< nr
2m the locus is the empty set.
For (2m)-th power sum of the distances from an arbitrary point to the vertexes P i of regular n-sided polygon, we have: What happens if we consider the sum of even powers more than 2(n−1)?
In these cases, cosine functions appear in the sum expressions (see note of Lemma 7.1), which proves that the locus is not a circle. But what kind of figures are there? The investigation of this subject is the aim of future studies.
